The effects of the equilibrium density gradient on non-axisymmetric magnetorotational instability are investigated in a pure axial magnetic field for ideal incompressible plasmas. A second-order ordinary differential equation is employed to determine the magnetic field perturbation and the full dispersion relationship regarding the non-axisymmetric magnetohydrodynamic instability in the presence of gravitation and density gradient effects. By means of local linear analysis, the reduced dispersion relationship is derived with a small azimuthal wavenumber. Spatial variations in the radial field perturbation magnitude cannot be neglected in the calculation since this term has the same order of magnitude as L D , which is the scale length of radial density gradient. The analytical expression of the instability growth rate is presented. Our analysis shows that the instability criterion is modified by the density gradient which has a stabilizing effect when increasing outwards and conversely a destabilizing effect when decreasing outwards. The growth rate increases with L D when L D is small. For a sufficiently large L D , the growth rate decreases with increasing L D . The magnetic field exerts a similar effect on the growth rate and can totally quench the instability. The non-axisymmetric effect introduces a frequency shift and increases the growth rate but does not affect the instability criterion.
Introduction
The magnetorotational instability (MRI) [1] [2] [3] plays a crucial role in the dynamics of astrophysical accretion discs. It is believed that the instability is one of the main factors driving plasma turbulence [4] and determining the angular momentum transport rate in most astrophysical discs [5] . Owing to its important role in the astrophysics (see, for example, three excellent reviews [5] [6] [7] ), MRI has attracted much attention in the past twenty years and many studies have been devoted to analytical exploration, numerical analysis and experimental investigation of this magnetohydrodynamic (MHD) instability and MRI is indeed becoming a basic plasma physical phenomenon (see, for example, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and references therein).
The Taylor-Couette (TC) flow confined in a differentially rotating cylinder is one of the most fundamental problems in classical fluid dynamics [16, 19] . It has been shown that the TC flow will be hydrodynamically stable if the angular momentum increases outwards but magnetohydrodynamically unstable when the angular velocity decreases outwards [19] . Concerning the Keplerian angular velocity profile in accretion discs, ∝ r −3/2 [5] , the angular momentum (∝r 1/2 ) increases outwards whereas the angular velocity (∝r −3/2 ) decreases outwards. Hence, accretion discs would be hydrodynamically stable but magnetohydrodynamically unstable, directly leading to disc turbulence and orbital angular momentum transport [5, 18] . By using the TC flow configuration, a number of experimental studies have been conducted on MRI (see, for example, [16] [17] [18] [19] [20] and cited references).
The first investigation on non-axisymmetric MRI [10] has spurred subsequent work. For instance, Masada et al investigated the stability of differentially rotating proto-neutron stars (PNSs) with a toroidal magnetic field. They derived the stability criteria for non-axisymmetric MRI by using a local linear analysis and found that non-axisymmetric MRI with a large azimuthal wavenumber m was dominant over the kink mode (m = 1) in differentially rotating PNSs [21] . Khalzov et al studied the axisymmetric and non-axisymmetric MRI in an electrically driven flow of liquid metal by numerically solving the eigenvalue problem with rigid-wall boundary conditions. They showed that for certain parameters, the flow was magnetorotationally unstable with the fastest growth rate corresponding to the axisymmetric mode. For other parameters, the axisymmetric modes could be suppressed while only the non-axisymmetric mode developed [22] . Using the local approximation, Mikhailovskii et al investigated the non-axisymmetric MRI in the rotating laboratory plasmas, i.e. in which gravitation is neglected, and derived the dispersion relationships for both ideal plasmas and more complicated models including effects of parallel and perpendicular viscosities [23] . Recently, Hollerbach et al numerically studied the MHD stability of cylindrical TC flow in the presence of a pure azimuthal magnetic field and found that non-axisymmetric MRIs emerged with azimuthal wavenumber m = 1 [18] .
The Wentzel-Kramaers-Brillouin (WKB) approximation is frequently adopted in the linear analysis of the MRI, which requires kL 1, where k is the wavenumber and L is the local scale length of the equilibrium profiles. This relation implies that all the terms with the order of 1/(kL) should be ignored in the calculation. In this work, we investigate the MRI in a pure axial magnetic field for ideal incompressible plasmas to examine the density inhomogeneity effects by not adopting the WKB approximation directly. A second-order ordinary differential equation (ODE) is derived to determine the full dispersion relationship for the non-axisymmetric MRI in the presence of gravitation and density gradient effects. Using the local approximation, the reduced dispersion relationship is presented with small azimuthal wavenumber and the analytical expression of the growth rate is derived. The density gradient effect on the MRI are then examined. This paper is organized as follows. In section 2, the perturbed MHD equations are presented and the second-order ODE is derived to yield the general mode equation describing the non-axisymmetric MRI with density gradient effects. The reduced dispersion relationship for a small azimuthal wavenumber is given in section 3 by using the local linear analysis. The effects arising from the density gradient and magnetic fields are discussed in section 4. Section 5 discusses the MRI when both density and magnetic field are assumed to be inhomogeneous. Finally, the conclusion is given in section 6.
Mode equation in homogeneous magnetic field
We consider a non-axisymmetric plasma cylinder in a magnetic filed B 0 = (0, 0, B 0 ) along the z-axis direction in the standard cylindrical coordinates (r, θ, z). The plasma is assumed to rotate in the azimuthal direction and so the equilibrium velocity is V 0 = (0, r , 0) with angular velocity = (r). The gravity acceleration is g = (−g, 0, 0). Thus the equilibrium condition is p 0 = −gρ 0 +ρ 0 r 2 , where ρ 0 and p 0 are the equilibrium mass density and isotropic kinetic pressure, and the prime of p 0 is the radial derivative. We can start our derivation from the perturbed plasma motion equation
where
, ρ, and p are the perturbed velocity, magnetic field, mass density, and pressure, respectively. Every perturbed profile φ is assumed to be proportional to exp (−iωt + imθ + ik z z) with a magnitude φ. The motion equation above gives
where ω = ω − m is the Doppler-shifted oscillation frequency, ∂ r stands for ∂/∂r, and
ln r is the square of the epicyclic frequency [24] . In the Keplerian differential rotation system (i.e.
∝ r −3/2 ), κ = . The incompressible condition is ∇ · V 1 = 0 and the mass conversation equation is then reduced to ∂ ρ/∂t + ∇ρ 0 · V 1 + ∇ ρ · V 0 = 0, giving the perturbed mass density in terms of V r as ρ = ρ 0 V r /(i ω). The perturbed magnetic diffusing equation
gives rise to the (r, θ )th components of the perturbed velocity in terms of B r and B θ as
and
The third component B z can be deduced from ∇ · B 1 = 0, which gives
, where we define an operatorL = ∂ r + 1/r. Similarly, the incompressible condition yields
Here we have adopted equations (5) and (6) . Inserting equations (4)- (7) into equation (3) yields
Eliminating B r from the formula above gives the general dispersion relationship of the nonaxisymmetric MRI. Applying ∂ r (f/r) = (1/r)∂ r f −f/r 2 leads to the following second-order ODE describing the radial magnetic field perturbation to yield the dispersion relation:
Here, we adopt the equilibrium condition p 0 /ρ 0 = −g e with the effective local gravity acceleration g e = g − r 2 and define L D = (ρ 0 /ρ 0 ) −1 as the scale length of the density inhomogeneity. Such derivation can also be found in some earlier papers, for example, in [7, 25] . Although the basic equations are the same, here we use the mode equation (11) without restriction ∂ r B r = ik r B r [7] , where k r is defined below, and take into account the radial variation of the magnitude of B r . This allows us to keep down the full effects on the instability due to the density gradient, not only the effect coupled with the local effective gravity acceleration.
Reduced dispersion relationship
Equation (11) derived in section 2 describes the full general dispersion relationship, from which we can obtain ω = ω(k) and then examine the effects of gravity and density gradient on the non-axisymmetric MRI. However, it is hard to obtain a straightforward and concise analytic expression of ω(k). Hence, we need to make some approximations. Here, we consider a simple case in which k
2 . Thus, terms as small as 1/(k 2 ⊥ r 2 ) can be neglected. Meanwhile, we let B r = B r (r) exp (ik r r), where k r is the radial wavenumber and B r (r) is the magnitude of B r , the spatial part of perturbation B r . We find
in which we also neglect all the 1/(kr) terms by assuming r∂ r 1 and define the total wavenumber k = (k
1/2 . The reason justifying this operation is shown by Ji et al that the local WKB approximation provides results for the growth rates of instability, which are close to the growth rates obtained by solving the full boundary value problem in the radial direction [24] . It was especially stressed that the WKB local analysis led to a good approximation of the growth rates even when the scale of perturbations was equal to or comparable to the sizes of the vessel [24, 26] . On the other hand, Pino and Mahajan have investigated the global MRI by considering the density gradients and found a class of unstable modes localized by the form of the rotation and density profiles with reduced dependence on boundary conditions [27] . In this work, we restrict ourselves to the analytical investigation by adopting the local approximation. A simple processing method is to let ∂ r B r 0, meaning that we do not take into account the spatial variation of the magnitude of B r [7, 25] . The treatment will be suitable when we ignore the density gradient term, namely the second term on the right-hand side of equation (12) . However, this is not the case in which the effect due to the density gradient term is taken into account. To illustrate this point clearly, we let k z V A = 0 and ∂ r B r = 0 in equation (12) and obtain the reduced dispersion relationship as
This formula shows that even if −g e /L D > 0 in the absence of rotation, i.e. = 0, there still exists gravity convective instability, in which the growth rate γ ( ω = ω r + iγ , where ω r and γ are both real numbers) is determined by
It is well known, however, that this case should be responsible for the hydrodynamic stability. The classical gravity convective instability, namely the Rayleigh-Taylor (RT) instability, comes into being only when the gravity acceleration g is along the opposite direction of the density gradient ∇ρ 0 , that is, g/L D is positive. However, equation (14) indicates that the perturbation is unstable when g/L D < 0. It should be pointed out that it is because the ∂ r B r term is disregarded inappropriately rather than the criterion of RT instability is totally changed. In fact, the imaginary part of equation (12) gives
where L B is the scale length of B r , representing the spatial variation in the perturbation magnitude defined as L (12) simultaneously. That is, we cannot directly adopt the standard WKB approximation unless we ignore the second term on the right-hand side of equation (12) . As a matter of fact, the WKB approximation requires kL D 1. Since that term is proportional to 1/(kL D ), it should be neglected according to the WKB approximation. Consequently, the growth rate expressed in equation (14) becomes zero. However, we are concerned about the density gradient effects on the MRI and hence, we cannot adopt the WKB approximation directly. It means that B r cannot be treated as a constant independent of the radius r. The real part of equation (12) is
Substituting the expression of L B , we arrive at the dispersion relationship of convective and rotational instability with density gradient effects:
For short wavelengths, where kL D is much greater than unity, we are restricted to the local perturbations in a system which is homogeneous on the wavelength scale and the WKB approximation can be applied directly. The classical result for the pure axisymmetric MRI is recovered by letting g e = 0 and m = 0 as follows [4] :
Instability growth rate
We rewrite the dispersion relationship (17) as
The roots for the shifted wave frequency ω are
with
It is easy to find that the instability occurs provided that G 0 < 0 when k z V A = 0, or in the explicit form
In this instability criterion, the first term on the left-hand side of the inequality above describes the effect due to d 2 /d ln r < 0, the so-called Velikhov effect [28] . The g-dependent term represents the classical gravity convective effect and the stabilizing term k 2 V 2 A describes the magnetoacoustic effect. The second term represents the effect due to the density gradient in association with the rotation. In the absence of rotation, i.e. for = 0, the inequality depicts the pure gravity convective mode, namely, Rayleigh-Taylor instability,
A < 0. In the laboratory plasmas, i.e. g = 0, the equilibrium condition goes to p 0 = ρ 0 r 2 , and the criterion (24) becomes
which describes the MRI in inhomogeneous laboratory plasmas. The density inhomogeneity proves the stabilizing effect on the MRI for the positive radial gradient
Otherwise, the density gradient shows the destabilization effect on the MRI. For p 0 = 0, the equilibrium condition becomes g = r 2 and the instability criterion (24) is reduced to the classical one [4] .
By letting k ⊥ = k z and g = 0 in the criterion (24) , the result reported in [28] is recovered immediately. It should be noted that our dispersion relationship (19) is not identical to the one derived in [28] , since [28] as well as [7, 25, 29] simply use ∂ r B r = ik r B r by disregarding the radial spatial variation of the magnitude of the perturbation. Accordingly, G 1 = 1 in their results. Our analysis shows that for self-consistence, ∂ r B r = ik r B r requires kL D 1. Consequently, G 1 is equal to 1. That is to say, our result differs from the earlier ones (see, for example, [7, 25, 29] ) only by taking into account the radial variation of the magnitude of the perturbation resulting in the factor G 1 , which is 1 + 1/(4k 2 L 2 D ) rather than unity. Accordingly, the instability criterion is not affected and only the growth rate is altered. From the dispersion (19) , the growth rate is now given by
with a real oscillation frequency ω r = m . In weak magnetic fields, the growth rate is reduced to
yielding
for positive G 2 and
for negative G 2 , respectively. We concentrate on the second mode to examine density gradient effects in the weak field limit. The resulting growth rate is
1, the reduced growth rate yields the earlier result under the WKB approximation
This unstable mode comes into being provided that κ 2 < g e /L D . Even for κ 2 being positive, there is still instability. The regime responsible for the instability is expanded by the density gradient effects. Equation (31) indicates which implies that the growth rate increases monotonically as
Therefore, the growth rate γ reaches the maximum value γ max = {2k
When L D > L Dc , the growth rate starts to decrease with L D . As soon as L D is large enough such that g e /L D becomes less than κ 2 , the instability will be totally quenched. These results are confirmed by figure 1. When κ 2 < 0, the growth rate still increases at first and then decreases as L D goes up, but tends to be a constant, −k 2 z κ 2 /k 2 , which is independent of L D . The instability will not be totally quenched, which is confirmed by figure 2.
For a TC flow confined between coaxial cylinders with radii R 1 < r < R 2 and their angular velocities 1 and 2 , the cylindrical angular velocity is given by [24] 
where a and b are defined as
Using the fixed boundary condition along the radial direction, we can let
We can rewrite equation (31) as
According to the expressions of instability criteria above, magnetic fields baffles the instability. It seems that the fields always stabilize the perturbations and suppress the instability. However, the magnetic fields do not always reduce the growth rates. By taking equation (27) for example, the relation between the square of growth rate and the square of Alfvén frequency ω A , defined as ω A = k z V A , is plotted in figure 3 . This figure shows that the growth rates increase with Alfvén frequency when ω A is small. When ω A becomes greater than a critical value, the growth rates begin to diminish monotonically as ω A increases. Finally, the instabilities are totally quenched when the magnetic fields are sufficiently strong. That is, the magnetic fields make a hydrodynamically stable system be magnetohydrodynamically unstable. As the field strength increases, the instabilities will be restrained and the plasmas become magnetohydrodynamically stable again.
The analysis above shows that the non-axisymmetric effect is not significant as expected in spite of inducing an oscillation frequency shift. Actually, in order to obtain equation (12), we disregarded not only all the 1/(k 2 ⊥ r 2 ) terms but also the sixth term on the left-hand side of equation (11), namely, the (2m ω/k
Conclusion
We have examined the density gradient effects on the non-axisymmetric magnetorotational (MRI) instability in a pure axial magnetic field. The mode equation containing the nonaxisymmetric effect is derived by following the standard way but is discussed only in a simple case with a small azimuthal wavenumber m. It is found that the non-axisymmetric effect does not modify the instability criterion (24) but instead introduces a frequency shift and increases the growth rate. Reference [21] indicates that a large azimuthal wavenumber can change the instability condition remarkably. Here, we investigated the density gradient effects on the instability by taking into account the radial variation of the magnitude of the perturbation. The density gradient affects both the instability criterion and growth rate. We confirm that positive radial density gradient impose a stabilizing effect on the instability when g e < 0 [28] . The growth rate of instability increases as L D goes up for small L D . There is a critical scale length L Dc , beyond which the growth rate starts to decrease as L D increases. When L D becomes larger than g e /κ 2 , the instability cannot exist. Negative κ 2 results in a similar conclusion but the growth rate tends to be −k 2 z κ 2 /k 2 , meaning that the instability will not be quenched. The magnetic fields show the similar effect on the instability. Physically, the magnetic fields make a hydrodynamically stable system be magnetohydrodynamically unstable. To a certain extent, the magnetic fields give rise to instability. As the field strength increases, the instabilities are suppressed and even totally quenched when G 0 becomes positive, and the system turns into being magnetohydrodynamically stable again.
The effect of magnetic field inhomogeneity is taken into account simultaneously in the axisymmetric case of m = 0. The dispersion (50) shows that the density gradient affects not only the growth rate but also the instability criterion (51), in which the density gradient effects play a role via coupling with both the effective gravity acceleration term and the Alfvén speed term. In this case, the density gradient has a stabilizing effect on the instability even if g e = 0. The results may be useful for aiding our understanding on the MRI and plasma turbulence in astrophysical plasmas as well as laboratory plasmas, especially the MRI in the presence of both magnetic field and density inhomogeneities.
